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ON CYCLIC ASSOCIATIVE ABEL-GRASSMAN
GROUPOIDS
M. IQBALA, I. AHMADA, M. SHAHB, AND M. IRFAN ALIC
Abstract. A new subclass of AG-groupoids, so called, cyclic associa-
tive Abel-Grassman groupoids or CA-AG-groupoid is studied. These
have been enumerated up to order 6. A test for the verification of cyclic
associativity for an arbitrary AG-groupoid has been introduced. Various
properties of CA-AG-groupoids have been studied. Relationship among
CA-AG-groupoids and other subclasses of AG-groupoids is investigated.
It is shown that the subclass of CA-AG-groupoid is different from that
of the AG*-groupoid as well as AG**-groupoids.
1. INTRODUCTION
An algebraic structure satisfying the left invertive law is called an Abel-
Grassmann’s groupoid (or simply AG-groupoid [2]). Other names for the
same structure are left almost semigroup (LA-semigroup) [1], left invertive
groupoid [4] and right modular groupoid [6]. Many authors have studied
these structures and their properties. Many intersting properties of LA semi-
groups have been studied in [17] and the same authors have introduced the
concept of locally associative LA semigroups in [18]. Paramedial groupoids
have been studied in [6]. Many different aspect of AG-groupoids have been
studied in [2, 8, 12, 14, 15, 19]. AG*-groupoids and AG**-groupoids are two
different classes of AG-groupoid and their properties have been studied in
the following [10, 11, 16].
This paper has been arranged as the following. In Section 3, notion
of cyclic associative Abel-Grassman groupoid (CA-AG-groupoid) is intro-
duced. These have been enumerated up to order 6. In section 4, CA-test for
the verification of cyclic associativity of an AG-groupoid is given. Section
5, is devoted to the study of various properties of CA-AG-groupoids and
their relations with different known subclasses of AG-groupoids. It is shown
in section 6, the subclass of CA-AG-groupoids is distinct from both of the
AG*-groupoids and AG**-groupoids.
2. PRELIMINARIES
In this section some notions about Abel-Grassmann’s groupoids are given.
A groupoid (S, ·) or simply S satisfying the left invertive law: (ab)c = (cb)a
for alla, b, c ∈ S is called an Abel-Grassmann’s groupoid (or simply AG-
groupoid [1, 2]). Through out this paper an AG-groupoid will be denoted
by S, unless stated otherwise. S always satisfies the medial law: ab · cd =
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ac · bd [5], while S with left identity e always satisfies the paramedial law:
ab · cd = db · ca [5].
A groupoid G is called right AG-groupoid or right almost semigroup (RA-
semigroup) [1] if a(bc) = c(ba)∀a, b, c ∈ G.
(a) S is called left nuclear square [7] if ∀ a, b, c ∈ S, a2(bc) = (a2b)c, middle
nuclear square if a(b2c) = (ab2)c, right nuclear square if a(bc2) = (ab)c2.
S is called nuclear square [7] if it is left, middle and right nuclear square.
(b) S is called AG* [10], if (ab)c = b(ac) for all a, b, c ∈ S.
(c) S is called AG** [11], if a(bc) = b(ac) for all a, b, c ∈ S.
(d) S is called T1-AG-groupoid [9] if for all a, b, c, d ∈ S, ab = cd implies
ba = dc.
(e) S is called left T3-AG-groupoid (T3l -AG-groupoid) if for all a, b, c ∈ S,
ab = ac implies ba = ca and is called right T3-AG-groupoid (T3r-AG-
groupoid) if ba = ca implies ab = ac. S is called T3-AG-groupoid [9], if
it is both T3l and T
3
r.
(f) S is called Bol* [7] if it satisfies the identity a(bc · d) = (ab · c)d
for all a, b, c, d ∈ S.
(g) S is called left alternative if for all a, b ∈ S, aa · b = a · ab and is called
right alternative if b · aa = ba · a. S is called alternative [9], if it is both
left alternative and right alternative.
(h) S is called right commutative if for all a, b, c ∈ S, a(bc) = a(cb) and
is called left commutative if (ab)c = (ba)c. S is called bi-commutative
AG-groupoid, if it is right and left commutative .
An element a ∈ S is called idempotent if a2 = a and an AG-groupoid having
all elements as idempotent is called AG-2-band (simply AG-band) [12]. A
commutative AG-band is called a semi-lattice. An AG-groupoid in which
(aa)a = a(aa) = a holds ∀ a ∈ S is called an AG-3-band [12]. An element
a ∈ S is left cancellative (respectively right cancellative) [7] if ∀x, y ∈ S,
ax = ay ⇒x = y (xa = ya ⇒ x = y). An element is cancellative if it is
both left and right cancellative. S is left cancellative (right cancellative,
cancellative) if every element of S is left cancellative (right cancellative,
cancellative). S may have all, some or none of its elements as cancellative
[8]. S is called an AG-monoid, if it contains left identity e such that ea = a
∀ a ∈ S. As AG-groupoid is a non-associative structure, thus left identity
does not implies right identity and hence the identity.
3. CA-AG-GROUPOIDS
In this section a new subclass of AG-groupoids is being introduced. First
existence of this class is shown. It is interesting to see that all AG-groupoids
of order 2 are CA-AG-groupoids. There are 20 AG-groupoids of order 3, out
of which only 12 are CA-AG-groupoids. Up to order 6, there are 9068 CA-
AG-groupoids out of 40104513 AG-groupoids. A complete table up to order
6 is presented in this section.
Definition 1. An AG-groupoid S satisfying the identity a(bc) = c(ab)
∀a, b, c ∈ S is called cyclic associative AG-groupoid (or shortly CA-AG-
groupoid).
The following example depicts the existence of CA-AG-groupoid.
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Example 1. CA-AG-groupoid of lowest order is given in Table 1.
· a b c
a a a a
b a b a
c a a c
Table 1
3.1. Enumeration of CA-AG-groupoids. Enumeration and classifica-
tion of various mathematical entries is a well worked area of pure math-
ematics. In abstract algebra the classification of algebraic structure is an
important pre-requisite for their construction. The classification of finite
simple groups is considered as one of the major intellectual achievement
of the twentieth century. Enumeration results can be obtained by a vari-
ety of means like; combinatorial or algebraic consideration. Non-associative
structures, quasigroups and loops have been enumerated up to size 11 us-
ing combinatorial consideration and bespoke exhaustive generation software.
FINDER (Finite domain enumeration) has been used for enumeration of IP
loops up to size 13. Associative structures, semigroups and monoids have
been enumerated up to size 9 and 10 respectively by constraint satisfac-
tion techniques implemented in the Minion constraint solver with bespoke
symmetry breaking provided by the computer algebra system GAP [13].
The third author of this article has implemented the same techniques in
collaboration with Distler (the author of [3]) to deal the enumeration of
AG-groupoids using the constraint solving techniques developed for semi-
groups and monoids. Further, they provided a simple enumeration of the
structures by the constraint solver and obtained a further division of the
domain into a subclass of AG-groupoids using the computer algebra system
GAP and were able to enumerate all AG-groupoids up to isomorphism up
to size 6.
It is worth mentioning that the data presented in [20] have been verified
by one of the reviewers of the said article with the help of Mace-4 and
Isofilter as has been acknowledged in the said article. All this, validate the
enumeration and classification results of our CA-AG-groupoids, a subclass
of AG-groupoids, as the same techniques and relevant data of [20] has been
used for the purpose. Enumeration and classification of CA-AG-groupoids
up to order 6 is given in Table 2.
Order 2 3 4 5 6
AG-groupoids 3 20 331 31913 40104513
CA-AG-groupoids 3 12 64 491 9068
Associative AG-groupoids 3 12 62 446 7510
Non-associative AG-groupoids 0 8 269 31467 40097003
CA, Non-associative 0 0 2 45 1565
Associative, Non-CA 0 0 0 0 07
CA and Associative 0 12 62 446 7503
Associative & non-commutative, CA 0 0 4 121 5360
Table 2: Enumeration of CA-AG-groupoids upto order 6
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4. CA-TEST FOR AN AG-GROUPOID
Now a test for verification of cyclic associativity for an arbitrary AG-
groupoid is suggested. For this define the following binary operations.
a ⋆ b = a(bx)
a ◦ b = x(ab), for some fixed x ∈ S
To test whether an arbitrary AG-groupoid (S, ·) is cyclic associative, it is
sufficient to check that a ⋆ b = a ◦ b for all x ∈ S. To construct ⋆ table for
any fixed x ∈ S, we rewrite x-column of the “ · ” table as index row of the
⋆ table and then multiply its elements from the left by the elements of the
index column of the “ · ” table to obtain respective rows of the ⋆ table for x.
The table of the operation ◦ for any fixed x ∈ S is obtained by multiplying
elements of the “ · ” table by x from the left. If the tables of operations ⋆
and ◦ coincide for all x in S, then ⋆ coincides with ◦, and thus a(bc) = c(ab)
and equivalently the AG-groupoid is cyclic associative. It is convenient to
write ◦ tables under the ⋆ tables.
We illustrate the procedure in the following example.
Example 2. Consider the AG-groupoid in the Table 3.
· 1 2 3 4
1 1 1 1 1
2 1 1 1 1
3 1 1 1 1
4 1 1 2 3
Table 3
To check cyclic associativity in the given Cayley’s tables, we extend these
tables in the way as described above. The upper tables to the right of the
original “ · ” table are constructed for the operation ⋆, while the lower tables
are for the operation ◦.
· 1 2 3 4 1 1 1 1 1 1 1 1 1 1 1 2 1 1 1 3
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
4 1 1 2 3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2
1 2 3 4
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2
Extended Table (3)
From the extended table (3), it is clear that the upper and lower tables on the
right side of the original table coincide for all x in S, thus the AG-groupoid
in Table 3 is a CA-AG-groupoid.
The following example establishes this test fail in case of AG-groupoids
which are not CA-AG-groupoids.
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Example 3. Consider the AG-groupoid as shown in the following Table 4.
· 1 2 3
1 1 1 1
2 1 1 1
3 1 2 1
Table 4
To check cyclic associativity in the given Cayley’s tables, we extend these
tables in the way as described above. The upper tables to the right of the
original “ · ” table are constructed for the operation ⋆, while the lower tables
are for the operation ◦.
· 1 2 3 1 1 1 1 1 2 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1 1 1 1 1 1
3 1 2 1 1 1 1 1 1 2 1 1 1
1 2 3
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 2 1
Extended Table (4)
As in extended table (4), upper tables on the right hand side do not coincide
with the respective lower tables, thus AG-groupoid given in Table 4 is not
a CA-AG-groupoid.
5. VARIOUS PROPERTIES OF CA-AG-GROUPOIDS
In section 3, existence of CA-AG-groupoid has been established. Various
results are given to demonstrate that the subclass of CA-AG-groupoids is
different from some very well known subclasses of groupoids.
To begin with, following examples show that a CA-AG-groupoid may not
be a semigroup.
Example 4. Consider the algebraic structure given in Table 5.
· 1 2 3 4
1 2 3 3 3
2 4 3 3 3
3 3 3 3 3
4 3 3 3 3
Table 5
It is easy to verify that it is a CA-AG-groupoid. Which is actually a non-
associative CA-AG-groupoid of lowest order.
Although Table 2 shows that up to order 5 every associative AG-groupoid
is CA, but the next example shows that a semigroup may not be a CA-AG-
groupoid.
Example 5. Let M2 = {(aij) | aij ∈ Z}, be the set of all 2 × 2 matrices
with entries from Z. M2 is a semigroup under multiplication, but M2 is
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not an AG-groupoid. Since (AB)C 6= (CB)A for A =
[
1 1
1 1
]
= B and
C =
[
1 1
1 0
]
in M2.
However, the following is obvious.
Proposition 1. Every commutative semigroup is a CA-AG-groupoid.
Remark 1. Every commutative AG-groupoid is associative.
Corollary 1. Every commutative AG-groupoid is a CA-AG-groupoid.
In the following it is observed that subclass of Bol*-AG-groupoids is dis-
tinct from that of CA-AG-groupoids and we have the following. Recall
that S is called a Bol*-AG-groupoid if it satisfies the identity a(bc · d) =
(ab · c)d ∀a, b, c, d ∈ S.
Theorem 1. Every CA-AG-groupoid is Bol*-AG-groupoid.
Proof. Let S be a CA-AG-groupoid and a, b, c, d ∈ S, then by using cyclic
associativity, left invertive law and medial law;
a(bc · d) = d(a · bc) = d(c · ab) = ab · dc = c(ab · d) = c(db · a)
= a(c · db) = db · ac = da · bc = c(da · b) = c(ba · d)
= d(c · ba) = d(a · cb) = d(b · ac) = ac · db = b(ac · d)
= b(dc · a) = a(b · dc) = dc · ab = (ab · c)d
⇒ a(bc · d) = (ab · c)d.
Hence S is a Bol*-AG-groupoid. 
Following example shows that the converse of the Theorem 1, is not true.
Example 6. Consider the Bol*-AG-groupoid of order 3 given in Table 6.
· 1 2 3
1 1 2 3
2 3 1 2
3 2 3 1
Table 6
which is not a CA-AG-groupoid, because 1(2 · 3) 6= 3(1 · 2).
Further, we have the following.
Lemma 1. Every Bol*-AG-band is commutative semigroup.
Proof. Let S be a Bol*-AG-band and a, b ∈ S. Then
ab = (aa)b = (ba)a = (bb · a)a = (ab · b)a = a(bb · a) = a(ab · b)
= (aa · b)b = bb · aa = b2a2 = ba ⇒ ab = ba.
Thus S is commutative and hence the result follows by Remark 1. 
From Lemma 1 and Proposition 1, it is obtained;
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Corollary 2. Every Bol*-AG-band is CA-AG-groupoid.
Theorem 2. Every CA-AG-band is commutative semigroup.
Proof. Let S be a CA-AG-band and a, b ∈ S. Then
ab = (aa)b = (ba)a = (bb · a)a = (ab · b)a
= ab · ab = aa · bb = b(aa · b) = b(b · aa)
= b(a · ba) = ba · ba = bb · aa = ba. 
As every CA-AG-groupoid is Bol*-AG-groupoid (by Theorem 1) and every
Bol*-AG-groupoid is paramedial [7, Lemma 9], so the following corollary is
obvious:
Corollary 3. Every CA-AG-groupoid is paramedial.
The following example shows that the converse of Corollary 3 is not valid.
Example 7. Table 7 represents paramedial AG-groupoid of order 3, which
is not a CA-AG-groupoid. as c(cb) 6= b(cc).
· a b c
a a a a
b a a a
c a b a
Table 7
It is proved in [7] that every paramedial AG-band is commutative semi-
group. Also by Proposition 1, every commutative semigroup is CA-AG-
groupoid. Hence we have the following.
Corollary 4. Every paramedial AG-band is CA-AG-groupoid.
Now relation of CA-AG-groupoid with left, middle and right nuclear
square AG-groupoids is being studied in the following.
Theorem 3. Let S be a CA-AG-groupoid. Then the following hold:
(i) S is left nuclear square.
(ii) S is right nuclear square.
Proof. Let S be a CA-AG-groupoid and a, b, c ∈ S. Then
(i) By Corollary 3 and left invertive law, we have
a2(bc) = (aa)(bc) = (ca)(ba) = (ba · a)c = (aa · b)c = (a2b)c.
Hence S is left nuclear square.
(ii) By left invertive law, Part (i), cyclic associativity and Corollary 3.
(ab)c2 = (c2b)a = c2(ba) = a(c2b) = a(cc · b) = a(bc · c) = c(a · bc)
= bc · ca = ac · cb = b(ac · c) = b(cc · a) = a(b · cc) = a(bc2).
Hence S is right nuclear square. 
Following example shows that neither a left nuclear square nor a right
nuclear square AG-groupoid is always a CA-AG-groupoid.
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Example 8. Left nuclear square AG-groupoid of order 3 is given in Table
8, which is not a CA-AG-groupoid, because 3(3 · 2) 6= 2(3 · 3).
· 1 2 3
1 1 1 1
2 1 1 1
3 1 2 1
Table 8
In Table 9 a right nuclear square AG-groupoid of order 3 is given which is
not a CA-AG-groupoid because 3(3 · 2) 6= 2(3 · 3).
· 1 2 3
1 1 1 1
2 1 1 3
3 1 2 1
Table 9
Next attention is paid towards middle nuclear square AG-groupoid. Gen-
erally speaking no relation exist between middle nuclear square AG-groupoids
and CA-AG-groupoid. The following example shows that neither every
middle nuclear square AG-groupoid is CA-AG-groupoid, nor every CA-AG-
groupoid is middle nuclear square AG-groupoid .
Example 9. The following AG-groupoid of order 3 given in Table 10, is
middle nuclear square AG-groupoid but not CA, because c(cb) 6= b(cc).
· a b c
a a a a
b a a a
c a b b
Table 10
CA-AG-groupoid of order 5, given in Table 11, is not a middle nuclear
square AG-groupoid since 5(52 · 5) 6= (5 · 52)5.
· 1 2 3 4 5
1 1 1 1 1 1
2 1 1 1 1 1
3 1 1 1 1 2
4 1 1 1 1 2
5 1 1 1 3 4
Table 11
However, a left alternative CA-AG-groupoid is middle nuclear square. As
Theorem 4. Every left alternative CA-AG-groupoid is middle nuclear square.
Proof. Let S be a left alternative CA-AG-groupoid and a, b, c ∈ S. Then
by definition of left alternative, cyclic associativity, Corollary 3 and left
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invertive law;
a(b2c) = a(bb · c) = a(b · bc) = bc · ab = (ab · c)b = (cb · a)b
= ba · cb = b(ba · c) = b(ca · b) = b(b · ca) = ca · bb
= (bb · a)c = (b · ba)c = (a · bb)c = (ab2)c.
Hence S is middle nuclear square. 
By coupling Theorem 3 and Theorem 4, the following corollary is obvious.
Corollary 5. Every left alternative CA-AG-groupoid is nuclear square.
As, for a right alternative AG-groupoid S the following conditions are equiv-
alent [14, Theorem 3.2].
(i) S is right nuclear square.
(ii) S is middle nuclear square.
(iii) S is nuclear square .
Using these results and Theorem 3, we conclude that:
Corollary 6. Every right alternative and hence alternative CA-AG-groupoid
is nuclear square.
6. CA-AG-GROUPOIDS, AG*-GROUPOIDS AND
AG**-GROUPOIDS
In this section it is seen that in general CA-AG-groupoid are neither
AG*-groupoids nor AG**-groupoids. So the subclass, CA-AG-groupoid is
different from both of AG*-groupoids and AG**-groupoids.
To begin with, consider the following;
Example 10. CA-AG-groupoid of order 4, given in Table 12, is not an
AG*-groupoid because (aa)a 6= a(aa).
· a b c d
a b c c c
b d c c c
c c c c c
d c c c c
Table 12
CA-AG-groupoid of order 8, presented in Table 13, is not an AG**-
groupoid because 3(2 · 1) 6= 2(3 · 1)
· 1 2 3 4 5 6 7 8
1 4 4 6 4 4 4 8 4
2 5 4 4 4 4 8 4 4
3 4 7 4 4 8 4 4 4
4 4 4 4 4 4 4 4 4
5 4 4 4 4 4 4 4 4
6 4 4 4 4 4 4 4 4
7 4 4 4 4 4 4 4 4
8 4 4 4 4 4 4 4 4
Table 13
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Further the following example establishes that there are AG**-groupoids
which are not CA-AG-groupoid.
Example 11. AG**-groupoid of order 3, given in Table 14, is not a CA-
AG-groupoid because 2(2 · 3) 6= 3(2 · 2).
· 1 2 3
1 1 1 1
2 1 1 3
3 1 2 1
Table 14
However, we have the following;
Theorem 5. Every right commutative AG**-groupoid is a CA-AG-groupoid.
Proof. Let S be a right commutative AG**-groupoid and a, b, c ∈ S. Using
definition of right commutative and AG**-groupoid, we have a(bc) = a(cb) =
c(ab). Hence S is a CA-AG-groupoid. 
The following example is to show that above Theorem is true only for
AG**-groupoid.
Example 12. Right commutative AG-groupoid of order 3, given in Table
15, is not a CA-AG-groupoid because 3(3 · 1) 6= 1(3 · 3).
· 1 2 3
1 1 1 1
2 1 1 1
3 2 2 2
Table 15
The following example is to show that there are right commutative AG-
groupoids which are not AG**-groupoids
Example 13. Table 16, represents a right commutative AG-groupoid of
order 3, which is not an AG**-groupoid because a(cb) 6= c(ab).
· a b c
a a a a
b a a a
c b b b
Table 16
The following example is to show that neither every CA-AG-groupoid is
right commutative, nor every AG** is right commutative.
Example 14. Table 13, given above represents a CA-AG-groupoid of order
8. As 1(2 · 3) 6= 1(3 · 2), so it is not a right commutative AG-groupoid.
Table 17 represents an AG**-groupoid of order 3, which is not right com-
mutative because 3(2 · 3) 6= 3(3 · 2).
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· 1 2 3
1 1 1 1
2 1 1 3
3 1 2 1
Table 17
However, we have the following;
Theorem 6. Let S be a CA-AG-groupoid then S is right commutative if
and only if S is AG**.
Proof. Let S be a CA-AG-groupoid and a, b, c ∈ S. Suppose S is right
commutative, then, by using definition of right commutative and cyclic as-
sociativity, we have a(bc) = a(cb) = b(ac). Hence S is AG**.
Conversely, let S be an AG**-groupoid, then by cyclic associativity and
definition of AG**, we have
a(bc) = c(ab) = a(cb) = b(ac) = c(ba) = a(cb) ⇒ a(bc) = a(cb).
Hence S is right commutative. 
As every AG** having a cancellative element is T1-AG-groupoid [15] and
hence is T3-AG-groupoid [15], so we have the following corollary.
Corollary 7. Every right commutative CA-AG-groupoid having a cancella-
tive element is a T1-AG-groupoid and hence a T3-AG-groupoid.
Since every T1-AG-groupoid is AG** [14, Theorem 3.4], thus;
Corollary 8. CA-T1-AG-groupoid is right commutative.
Theorem 7. An AG*-band is CA.
Proof. Let S be an AG*-band and a, b, c ∈ S. Then
a(bc) = (ba)c = (ca)b = (ca)(bb) = (cb)(ab) = (a · cb)b = (b · cb)a
= (cb · b)a = (bb · c)a = (bc)a = (ac)b = c(ab) ⇒ a(bc) = c(ab).
Hence S is CA-AG-groupoid. 
Following example verifies that the converse of Theorem 7, is not valid.
Example 15. Table 18, represents a CA-AG-groupoid of order 4, which is
not AG*-band, because (4 · 4)4 6= 4(4 · 4) and 2 · 2 6= 2.
· 1 2 3 4
1 1 1 1 1
2 1 1 1 1
3 1 1 1 2
4 1 1 1 3
Table 18
Lemma 2. An AG*-band is a semigroup.
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Proof. Let S be an AG*-band and a, b, c ∈ S. Then
a(bc) = (ba)c = (ba)(cc) = (bc)(ac) = (a · bc)c = (c · bc)a
= (bc · c)a = (cc · b)a = (cb)a = (ab)c ⇒ a(bc) = (ab)c.
Hence S is a semigroup. 
Since every AG**-band is a commutative semigroup [7, Lemma 20] and
every AG**-3-band is a commutative semigroup [11], also by Proposition
1, every commutative semigroup is CA-AG-groupoid. Hence we have the
following corollary.
Corollary 9. (i) Every AG**-band is a CA-AG-groupoid.
(ii) Every AG**-3-band is a CA-AG-groupoid.
As every AG-monoid is AG** [11], so from Corollary 9 the following is
obvious;
Corollary 10. Every AG-band having left identity is CA-AG-groupoid.
Theorem 8. Every CA-AG-3-band is a commutative semigroup.
Proof. Let S be a CA-AG-3-band. Then ∀ a, b ∈ S, by definition of AG-3-
band, left invertive law and Corollary 3;
ab = (aa · a)b = (ba)(aa) = ((bb · b)a)(aa)
= (aa · a)(bb · b) = (aa · bb)(a · b) = (b · bb)(a · aa)
⇒ ab = ba.
Thus S is commutative and hence is a commutative semigroup. 
Remark 2. Let denote the set of all idempotents of an AG-groupoid S by
E(S).
Lemma 3. For a CA-AG-groupoid S, if E(S) 6= φ then E(S) is a semi-
lattice.
Proof. Let S be a CA-AG-groupoid and a, b ∈ E(S). Then
ab = (aa)(bb) = (ab)(ab) = b(ab · a) = a(b · ab)
= a(b · ba) = a(a · bb) = (bb)(aa) = ba.
Thus E(S) is commutative. Hence E(S) is a commutative semigroup of
idempotents and thus is a semi-lattice. 
Lemma 4. Let S be a CA-AG-groupoid such that E(S) 6= φ. Then e is the
identity of eS and Se for every e ∈ E(S).
Proof. (i) Using cyclic associativity, left invertive law, and Corollary 3;
e(eS) = ∪
a∈S
e(ea) = ∪
a∈S
(ee)(ea) = ∪
a∈S
(ae)(ee)
= ∪
a∈S
(ae)e = ∪
a∈S
(ee)a = ∪
a∈S
ea = eS.
Thus e is the left identity for eS. Also by left invertive law, medial
law, cyclic associativity and Corollary 3;
(eS)e = ∪
a∈S
(ea)e = ∪
a∈S
(ee · a)e = ∪
a∈S
(ea)(ee) = ∪
a∈S
(ee)(ae)
= ∪
a∈S
e(ae) = ∪
a∈S
e(ea) = ∪
a∈S
(ee)(ea) = ∪
a∈S
(ae)(ee)
= ∪
a∈S
(ae)e = ∪
a∈S
(ee)a = ∪
a∈S
ea = eS.
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Thus e is also right identity of eS and hence the identity of eS.
(ii) By using cyclic associativity;
e(Se) = ∪
a∈S
e(ae) = ∪
a∈S
e(ea) = ∪
a∈S
a(ee) = ∪
a∈S
ae = Se.
Thus e is the left identity for Se. Also, by Corollary 3 and cyclic
associativity;
(Se)e = ∪
a∈S
(ae)e = ∪
a∈S
(ae)(ee) = ∪
a∈S
(ee)(ea)
= ∪
a∈S
e(ea) = ∪
a∈S
a(ee) = ∪
a∈S
ae = Se.
Thus e is also the right identity for Se. Hence e is the identity for Se.

The following example shows that there exist left commutative AG-groupoids
which are not CA-AG-groupoids.
Example 16. Left commutative AG-groupoid of order 3 is presented in
Table 19, which is not a CA-AG-groupoid because 3(2 · 1) 6= 1(3 · 2).
· 1 2 3
1 1 1 1
2 1 1 1
3 2 2 1
Table 19
Next, we have the following;
Theorem 9. Every left commutative AG*-groupoid is a CA-AG-groupoid.
Proof. Let S be a left commutative AG*-groupoid and a, b, c ∈ S, then by
definition of AG*, left commutative and left invertive law;
a(bc) = (ba)c = (ca)b = (ac)b = c(ab) ⇒ a(bc) = c(ab).
Hence S is CA-AG-groupoid. 
Following example shows that a left commutative CA-AG-groupoid may
not be an AG*-groupoid.
Example 17. Left commutative CA-AG-groupoid of order 4, is given in
Table 20, which is not AG*-groupoid because (d · d)d 6= d(d · d).
· a b c d
a a a a a
b a a a a
c a a a b
d a a a c
Table 20
Theorem 10. Let S be a CA-AG*-groupoid. Then the following holds.
(i) S is bi-commutative.
(ii) S is semigroup.
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Proof. (i) Let S be a CA-AG*-groupoid and a, b, c ∈ S, then
(ab)c = (cb)a = b(ca) = a(bc) = c(ab) = (ac)b = (bc)a
= c(ba) = a(cb) = (ca)b = (ba)c⇒ (ab)c = (ba)c.
Hence S is left commutative. Again
a(bc) = c(ab) = b(ca) = (cb)a = (ab)c = b(ac)
= c(ba) = a(cb) ⇒ a(bc) = a(cb).
Thus S is also right commutative and hence S is bi-commutative.
(ii) Let S be a CA-AG*-groupoid and a, b, c ∈ S. Then
a(bc) = c(ab) = b(ca) = (cb)a = (ab)c⇒ a(bc) = (ab)c.
Hence S is a semigroup. 
The following example is to show that there exist Bi-commutative AG-
groupoids which are neither CA-AG-groupoids nor AG*-groupoids.
Example 18. Table 21 represents a Bi-commutative AG-groupoid of order
4, which is neither CA-AG-groupoid nor AG*-groupoid.
· 1 2 3 4
1 1 1 3 3
2 1 1 4 4
3 3 3 1 1
4 3 3 1 1
Table 21
Next example shows that there exist CA-AG*-groupoids which are not Bi-
commutative AG-groupoid.
Example 19. Table 22 shows a CA-AG*-groupoid of order 4, which is not
commutative.
· 1 2 3 4
1 3 3 3 3
2 4 3 3 3
3 3 3 3 3
4 3 3 3 3
Table 22
From the above discussion we conclude that:
Corollary 11. CA-AG*-groupoid is a non-commutative semigroup.
Since every T1-AG-3-band is AG*-groupoid [16], so from Theorem 10, we
have the following corollary.
Corollary 12. (i) Every CA-T1-AG-3-band is a bi-commutative AG-groupoid.
(ii) Every CA-T1-AG-3-band is a semigroup.
The relationship among different subclasses of AG-groupoids is given in
the following Venn Diagram.
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